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Abstract
The crack propagation in the Brazilian discs with multiple pre-
existing notches is investigated by using a phase field method. 
The phase field modeling is verified by applying a direct ten-
sion test and an indirect splitting test on a Brazilian specimen 
with no pre-existing notches where the simulated results are 
in good agreement with previous numerical and experimen-
tal results. The influence of the notch number and spacing 
on the crack propagation in the Brazilian discs with multiple 
vertically and horizontally arranged notches is studied. Outer 
cracks initiate from the notch tips and propagate at a small 
angle with the vertical direction, finally coalescing with the 
ends of the discs. The strength of the specimen decreases as 
the notches increases. The Brazilian discs with horizontally 
arranged pre-existing notches only have outer cracks when 
the notch number is 1, 3, and 5 and have both outer and inner 
cracks for two and four notches. The peak load of the Brazil-
ian discs with horizontally arranged notches increases as the 
notch spacing increases. The final crack patterns obtained by 
the phase field modeling are consistent with those by previous 
numerical simulations and experimental tests.
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1 Introduction
Natural rocks contain abundant cracks and usually show 
heterogeneity. Under loading, cracks initiate, propagate, and 
coalesce with other cracks, thereby decreasing the strength of 
rocks. The initiation and propagation of multiple cracks sig-
nificantly affect many rock engineering problems, such as rock 
cutting, hydraulic fracturing, and explosive fracturing [1]. In 
the past decades, crack propagation in rocks has received atten-
tions from many researches [2–5], among which many novel 
tests were applied to investigate crack patterns under com-
pressive loads, such as the notched semi-circular bending tests 
(NSCB) [6], the cracked chevron notched semi-circular bend-
ing method (CCNSCB) [7], and the Brazil splitting tests [8]. 
Fig. 1 The Brazilian test
The Brazilian disc test (Fig. 1) is among the most effec-
tive tests for fracture mechanism in rocks. The Brazilian disc 
specimen containing a central pre-existing notch is commonly 
used to determine the static and dynamic fracture toughness 
of a rock. For example, researchers [9] estimated the mixed 
Mode I/II fracture toughness of rocks by using the cracked 
straight through Brazilian disk (CSTBD) specimens. However, 
the knowledge is still limited for understanding the fracture 
mechanism in the Brazilian discs with multiple pre-existing 
cracks and some preliminary works are conducted in recent 
years [10–13]. These studies basically used the numerical 
methods to model fracture initiation and propagation and then 
concluded the fracture mechanism because preparation of the 
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Brazilian discs with multiple pre-existing cracks is difficult in 
experimental tests [10]. For example, Haeri et al. [11] used the 
displacement discontinuity method (DDM) to simulate crack 
propagation in Brazilian discs with multiple notches. Sarfarazi 
et al. [12] applied the particle flow code (PFC) and compared 
the PFC simulations with the results by using DDM. 
In this paper, an effective numerical tool for crack simu-
lation namely, the phase field method (PFM) is used to study 
crack initiation and propagation in Brazilian discs with multi-
ple pre-existing notches. The advantages of the PFM are man-
ifold: i) the crack propagation simulation has strict physical 
meaning, ii) crack propagation path is automatically obtained 
without any external criteria to tackle crack surfaces, and iii) 
PFM has a good prediction of complex fractures, such as crack 
coalescence and branching. The phase field method has been 
extensively tested after it was proposed. For example, Robert-
son [13] examined and compared the PFM simulation with the 
experimental data.
In addition, the phase field method used in this paper is 
verified by a direct tension test and a Brazilian splitting test 
on a specimen without pre-existing notches. The influence 
of notch number and spacing on the crack propagation in 
the Brazilian discs with multiple horizontally and vertically 
arranged notches is studied. We also compare the crack pat-
terns obtained by the PFM with those of previous numerical 
simulations and experimental tests.
This paper is outlined as follows. Section 2 presents the 
phase field method for fracture and Section 3 gives the details 
of finite element implementation. Section 4 verifies the phase 
field method by a benchmark example of direct tension test 
and a Brazil splitting test on a specimen with no pre-existing 
cracks. Section 5 shows the influence of the notch number and 
spacing on the crack propagation in the Brazilian discs with 
vertically arranged notches, while Section 6 is for the horizon-
tally arranged notches. Section 7 concludes this paper.
2 Phase field method for fracture
The phase field method for fracture in this paper is based 
on the variational principle proposed by [14]. In Fig. 2a, we 
consider a brittle domain Ω, which is bounded by the surface 
∂Ω. Γ is the crack set. The variational principle requires mini-
mization of the energy functional L:
with u the displacement field. In addition, Gc is the criti-
cal energy release rate. b and t are the body force and surface 
traction, respectively. ψ(ε) is the elastic energy with ε the lin-
ear strain tensor given by
The energy functional in Eq. (1) cannot be directly min-
imized because the displacement is discontinuous and the 
crack set is unknown. Therefore, an auxiliary scalar field ϕ 
(phase field) is used to approximate the sharp crack surface in 
Fig. 2b. We define that ϕ = 0 represents the unbroken material 
and ϕ = 1 the fully broken one. According to Miehe et al. [15, 
16], one has 
with l0 the length scale parameter that reflects the shape of 
a crack. The mushy crack region will have a larger width with 
a larger l0.
(a) Sharp crack set      (b) Mushy crack set
Fig. 2 Phase field approximation of the sharp crack set
To ensure the fracture initiation and propagation only under 
tension, the strain requires decomposition. Here, we define 
operators á∙ñ+= ( ∙ + |∙|)/2 and á∙ñ–= ( ∙ – |∙|)/2. Then, the strain 
is decomposed as
with d dimension of the domain Ω. ε+ and ε– are tensile and 
compressive strains, respectively. εa is the principal strain and 
na is the direction of principal strain.
The phase field is assumed to only affect the tensile part of 
the elastic energy, thereby giving rise to
with 
where ψ+(ε) and ψ–(ε) are tensile and compressive parts of 
the elastic energy. λ and μ are Lamé constants. In addition, 
0 < k << 1 is a parameter to avoid numerical singularity when 
ϕ = 1.
Substituting Eqs. (3) and (5) into Eq. (1), one has
The first variation of the energy functional L is then written 
as
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where σij = ∂ψ/∂εij.
According to the variational approach, δL = 0 stands for all 
admissible displacement and phase fields. Thus, Eq. (8) yields 
the equations:
To ensure an accumulating phase field, a history field H(x, t) 
[15] is introduced: 
with t the calculation time. Thus, the fracture propagation 
is driven by H instead of the tensile part of the elastic energy. 
The history field ensures the irreversibility condition of frac-
tures under compression and unloading.
Replacing ψ+ by H, the governing equations of strong form 
is written as
The Neumann boundary conditions of Eq. (11) are given by
σijnj = ti      on ∂Ωh,
ϕini = ti      on ∂Ω.
The Dirichlet boundary condition of Eq. (11) is given by
ui = ūi      on ∂Ωh.
3 Finite element implementation
The phase field modelling of fracture propagation is natu-
rally a 2-field problem (u and ϕ). We use a conventional finite 
element method to solve the governing equations (11). Stan-
dard vector-matrix notation is used and the finite element dis-
cretization of the displacement and phase field is
where Nu and Nϕ are matrices involving the shape functions, 
and û and ϕ̂ are vectors consisting of node values of the dis-
placement and phase field. Nu and Nϕ are given by
where Niu and Niϕ ( are the shape functions of the displace-
ment and phase field. n is the number of element nodes. 
According to the finite element approximation, the weak 
form of the governing equations (11) gives rise to 
where Bu and Bϕ are the gradient matrices of shape func-
tions given by
D  is the degraded constitutive matrix, which can be derived 
from the elasticity tensor of fourth order D = ∂σ/∂ε. The matrix 
D  is written as
with D G Gijkl ijkl
v
ijkl
s= + .
Gijkl
v  is calculated by
where δij and δkl are Kronecker deltas and Hε(x) is a Heavi-
side function:
According to the algorithm proposed by [17], Gijkl
s  is given 
by
with
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The implicit Generalized-α method [18] is used for time 
integration. In each time step, we adopt the staggered algo-
rithm to solve the coupled equations (18) and (19). That means 
the displacement and phase field are solved independently. In 
addition, the Newton-Raphson method is used to conduct iter-
ations on Eqs. (18) and (19).
4 Verification of the numerical simulation
4.1 Direct tension test
The first example used for verification of the numerical 
method is a pre-notched square plate subjected to tension load-
ing. This benchmark test has been computed by Liu et al. [19] 
and Hesch and Weinberg [20] with the geometry and boundary 
conditions shown in Fig. 3. The width of the notch is l0, and 
these parameters are used: E = 210 GPa, v = 0.3, and Gc = 2700 
J/m2. The length parameter l0 = 7.5 × 10−3 mm and 1.5 × 10−2 
mm, respectively. The plate has 64516 Q4 elements with size 
h ≈ 3.96 × 10−3 mm.
Fig. 3 Geometry and boundary condition of the pre-notched plate subjected 
to tension
A displacement increment ∆u = 1 × 10−5 mm is used for the 
first 450 time steps and ∆u = 1 × 10−6 mm for the remaining 
time steps. The final crack patterns for the two fixed length 
scale parameters l0 are presented in Fig. 4, while the load-dis-
placement curves on the top boundary of the plate are pre-
sented in Fig. 5. Both the final crack patterns and the load-dis-
placement curves are in good agreement with the results of 
Hesch and Weinberg [20] and Liu et al. [19]. 
(a) l0 = 1.5 × 10−2 mm     (b) l0 = 7.5 × 10−3 mm
Fig. 4 Final crack patterns of the pre-notched plate subjected to tension
(a) l0 = 1.5 × 10−2 mm
(b) l0 = 7.5 × 10−3 mm
Fig. 5 Load-displacement curve of the pre-notched plate subjected to tension
4.2 Brazil splitting tests
In this example, we simulate the Brazil splitting tests on a cyl-
inder rock specimen with no pre-existing notches. The specimen 
has a diameter of 100 mm, while these material parameters are 
used: ρ = 2630 kg/m3, E = 90 GPa, v = 0.3, Gc = 15 J/m2, and l0 = 
2 mm. A total of 24696 6-node quadratic elements are used to dis-
cretize the specimen with the maximum element size h = 1 mm. 
The final crack pattern by using the phase field method is 
shown in Fig. 6a. A vertical propagating crack is observed and 
crack branching occurs close to the two ends of the specimen 
because of local compression. Fig. 6b presents a schematic 
diagram of the experimental results from [21, 22]. The crack 
pattern obtained by the phase field modeling is consistent with 
that of the experimental tests. This observation convinces the 
feasibility and practicability of the phase field method in mod-
eling cracks in Brazilian discs.
(a)                                                (b)
Fig. 6 Final crack patterns of the Brazil splitting tests: (a) the phase field 
modeling, and (b) the schematic diagram of the experimental results
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5 Brazilian discs with vertically arranged notches
5.1 Geometry and parameters
In this paper, we consider the Brazilian discs with vertically 
and horizontally arranged pre-existing notches. The discs have 
a diameter of 100 mm, and the geometric center of the notch 
set is consistent with that of the specimen. All the notches have 
a width of l0 and a length of 20 mm. The inclination angle 
of the notches is 45. We define the spacing S as the distance 
between the centers of two adjoining notches. These material 
parameters are used: ρ = 2630 kg/m3, E = 120 GPa, v = 0.3, Gc 
= 1.42 J/m2, and l0 = 2 mm. 6-node quadratic elements with 
the maximum element size h = 1 mm are used to discretize 
the specimen.
5.2 The influence of the number of notches
Figure 7 shows the final crack patterns of the discs with 
different numbers of vertically arranged pre-existing notches. 
The spacing between two notches is 2 cm. For only a single 
notch, the cracks initiate from the tips of the notch and prop-
agate at a small angle with the direction of loading (Fig. 6a). 
If the number of notches is more than 1, outer cracks initiate 
from the notch tips and propagate at a small angel with the 
vertical direction, finally coalescing with the ends of the disc. 
The inner cracks initiate from the notch tips and coalesce with 
the center of an adjoining notch. These inner cracks propagate 
perpendicular to the notches (Fig. 6b, c, d).
(a)                                                 (b)
(c)                                                 (d)
Fig. 7 Final crack patterns of the Brazilian discs with vertically arranged 
notches: (a) one notch, (b) two notches, (c) three notches, and (d) four notches
We compare the final crack patterns obtained by the phase 
field modeling with those obtained from DDM simulation [12], 
PFC simulation [13], and experimental tests [11]. The observa-
tions in Fig. 8 show that the results of the phase field modeling 
are in good agreement with the previous numerical simula-
tions and experimental tests.
(a) Phase field model                 (b) DDM simulation
(c) PFC simulation                  (d) Experimental tests
Fig. 8 Comparison of the crack patterns from the numerical simulations and 
experimental tests for one notch
Figure 9 presents the load-displacement curves of the spec-
imen for different notch number. As observed, the peak load 
of the specimen decreases as the notch number increases. 
The increase of the vertically arranged notches leads to the 
decrease in the strength of the pre-notched Brazilian discs.
Fig. 9 Load-displacement curves of the Brazilian discs with vertically 
arranged notches
5.3 The influence of the spacing
To specify the influence of the spacing S, we set the spac-
ing S as 2 cm, 3 cm, and 4 cm for the Brazilian discs with 
two pre-existing notches and S = 1 cm, 2cm, and 3cm for the 
Brazilian discs with three pre-existing notches. Figure 10 
presents the final crack patterns of the Brazilian discs with 
two vertically arranged notches under different spacing. The 
outer cracks initiating from the tips of the notches are similar. 
The distance between two inner cracks decreases as the notch 
spacing increase. When the spacing is 4 cm, the two inner 
cracks from the inner tips of the notches coalesce. 
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(a)                                                    (b)
(c)
Fig. 10 Final crack patterns of the Brazilian discs with two vertically 
arranged notches: (a) S = 2 cm, (b) S = 3 cm, and (c) S = 4 cm
Figure 11 presents the final crack patterns of the Brazilian 
discs with three vertically arranged notches under different 
notch spacing. The outer cracks initiating from the tips of the 
notches are similar to those in the Brazilian discs with two 
notches. When S = 1 cm, only one inner crack occurs between 
two adjoining notches. When the spacing is 3 cm, the two 
inner cracks from the inner tips of the notches coalesce.
(a)                                                    (b)
(c)
Fig. 11 Final crack patterns of the Brazilian discs with three vertically 
arranged notches: (a) S = 1 cm, (b) S = 2 cm, and (c) S = 3 cm
Figure 12 shows the influence of spacing on the peak load 
for the Brazilian discs with two and three vertically arranged 
notches. As observed, the spacing has little influence on the 
peak load. That is, the strength of the Brazilian disc is not sen-
sitive to the variation in the notch spacing. This observation is 
different from that obtained by the PFC simulations [13].
Fig. 12 Peak load of the Brazilian discs with two and three vertically 
arranged notches under different notch spacing
(a)                                                     (b)
(c)                                                     (d)
(e)
Fig. 13 Final crack patterns of the Brazilian discs with horizontally arranged 
notches: (a) one notch, (b) two notches, (c) three notches, (d) four notches, 
and (e) five notches
6 Brazilian discs with horizontally arranged notches
6.1 The influence of the number of notches
Figure 13 shows the final crack patterns of the Brazilian discs 
with different numbers of horizontally arranged pre-existing 
notches. The spacing between two notches is 2 cm. When the 
notch number is 1, 3, and 5, the crack patterns are similar. Outer 
tensile cracks initiate from the tips of the middle notch and prop-
agate at a small angle with the direction of loading (Fig. 13a, c, e).
The crack patterns are similar in the cases of two and four 
notches. Cracks initiate and propagate only from the tips of 
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the two notches in the disc center. Except the crack along the 
loading direction, another inner crack is observed to initiate 
from the other tip of a notch. The inner tensile crack is perpen-
dicular to the notch (Fig. 13b, d).
Figure 14 presents the load-displacement curves of the spec-
imen with horizontally arranged notches under different notch 
number. As observed, the specimen has a decreasing peak load 
as the pre-existing notch increases. An obvious decrease in the 
strength of the pre-notched Brazilian discs is shown for four 
and five notches.
Fig. 14 Load-displacement curves of the Brazilian discs with horizontally 
arranged notches
6.2 The influence of the spacing
We also present the influence of the spacing on the crack 
initiation and propagation of the Brazilian discs with horizon-
tally arranged notches. We set the spacing S = 2 cm, 3 cm, 
and 4 cm for the Brazilian discs with two pre-existing notches, 
afterwards, S = 1 cm, 2cm, and 3cm for the Brazilian discs with 
three pre-existing notches. Figure 15 presents the final crack 
patterns of the Brazilian discs with two horizontally arranged 
notches under different spacing. When S = 2 cm and  S = 3 cm, 
the crack patterns are similar. Outer tensile cracks initiate from 
the notch tips and coalesce with the end of the specimen. When 
S = 4 cm, outer cracks initiate from the notch tips. However, 
the length of the outer crack is smaller than that of the inner 
crack and new cracks initiate close to the initial outer cracks 
and coalesce with the ends of the specimen. 
Figure 16 presents the final crack patterns of the Brazilian 
discs with three horizontally arranged notches under different 
notch spacing. When S = 2 cm and S = 3 cm, the crack patterns 
are similar. Only two outer cracks are obtained and coalesce 
with the two ends of the specimen. When S = 1 cm, except the 
out cracks, inner cracks initiate from the notches and propa-
gate between two adjoining notches.
Figure 17 shows the influence of spacing on the peak load 
of the Brazilian discs with two and three horizontally arranged 
notches. As observed, the peak load increases as the notch 
spacing increases. That is, a larger strength of the Brazilian 
disc is obtained for a larger spacing between two notches 
because the notches are placed farther from the centre of the 
disc where stress concentration occurs. 
This observation is different from that obtained by the PFC 
simulations [13]. In addition, the peak load decreases as the 
notches increase at a fixed spacing.
(a)                                                     (b)
(c)
Fig. 15 Final crack patterns of the Brazilian discs with two horizontally 
arranged notches: (a) S = 2 cm, (b) S = 3 cm, and (c) S = 4 cm
(a)                                                     (b)
(c)
Fig. 16 Final crack patterns of the Brazilian discs with three horizontally 
arranged notches: (a) S = 1 cm, (b) S = 2 cm, and (c) S = 3 cm
Fig. 17 Peak load of the Brazilian discs with two and three horizontally 
arranged notches under different notch spacing
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7 Conclusions
In this paper, the crack propagation in the Brazilian discs 
with multiple pre-existing notches is investigated by using 
a phase field method. The phase field method (PFM) uses a 
smeared zone to model the sharp cracks without any external 
fracture criteria. The phase field modelling in this paper is ver-
ified by using a direct tension test and an indirect splitting test 
on a Brazilian specimen with no pre-existing notches where 
the simulated results are in good agreement with previous 
numerical and experimental results.
The influence of the notch number and spacing on the crack 
propagation in the Brazilian discs with multiple vertically and 
horizontally arranged notches is studied. The final crack pat-
terns obtained by the phase field modelling are consistent with 
those of previous numerical simulations and experimental 
tests, such as DDM and PFC. For a Brazilian disc with ver-
tically arranged notches, outer cracks initiate from the notch 
tips and propagate at a small angle with the vertical direction, 
finally coalescing with the ends of the disc. Inner cracks ini-
tiate from the other notch tips and coalesce with the center of 
an adjoining notch. The strength of the specimen decreases as 
the notch number increases. The increase in the notch spacing 
leads to the decrease in the spacing between two inner cracks, 
which coalesce when the spacing is too small. In addition, the 
notch spacing has little influence on the peak load of the discs 
with vertically arranged notches. For the Brazilian discs with 
horizontally arranged pre-existing notches, only outer cracks 
initiate when the notch number is 1, 3, and 5. For two and four 
notches, both outer and inner cracks initiate. The Brazilian 
discs have a decreasing peak load as the pre-existing notches 
increase. The peak load of the Brazilian discs containing 
horizontally arranged notches increases as the notch spacing 
increases. 
The presented numerical results are expected to increase 
the understanding of crack initiation, propagation, and coales-
cence in rock tests and can be a preference for the stability 
in rock engineering where pre-existing fractures are a crucial 
factor for safety, such as tunnelling, slope, hydraulic frac-
turing, and explosive engineering. In addition, the presented 
numerical simulation in this paper can be extended to analyse 
complex dynamic crack patterns in Brazilian discs with multi-
ple notches in future research, such as multiple crack branch-
ing. Some novel and more effective methods (e.g. the hybrid 
XFEM-phase field method [23]) will be also applied in model-
ling fractures in the pre-notched Brazilian discs.
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